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ABSTRACT 

The coefficients are computed for the spherical 
harmonic expansion of the potential of an oblate spheroid 
whose density is an arbitrary function of equatorial radius. 
The density is assumed constant on oblate spheroidal sur- 
faces whose eccentricities are the same as that of the 
given spheroid. 
expansion of a homogeneous oblate spheroid and develops the 
expansion valid for an arbitrary number of oblate spheroidal 
layers of different densities surrounding an oblate spheroidal 
core. By a limiting process, this expansion is extended to 
the result just stated. 
the result's significance is explained, and an extension to 
the case of a mascon is made. 

The solution begins with the known potential 

A convergence criterion is obtained, 
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INTRODUCTION AND SUMMARY 

I n  p o t e n t i a l  theory it i s  sometimes of i n t e r e s t  t o  
determine a m a s s  d i s t r i b u t i o n  whose g r a v i t a t i o n a l  p o t e n t i a l  
i n  some sense  [l] provides  a good r e p r e s e n t a t i o n  of a g iven  
p o t e n t i a l  func t ion .  
purposes i s  an o b l a t e  spheroid of e q u a t o r i a l  r a d i u s  a and 
e c c e n t r i c i t y  e whose dens i ty  p varies w i t h  e q u a t o r i a l  r a d i u s  
and i s  c o n s t a n t  on su r faces  of e c c e n t r i c i t y  e. With a,  e, 
and p s u i t a b l y  chosen, such a d i s t r i b u t i o n  should g i v e  a very  
good r e p r e s e n t a t i o n  of the  ear th ' s  p o t e n t i a l  and a f a i r l y  
good r e p r e s e n t a t i o n  of t h e  moon's p o t e n t i a l .  
such a d i s t r i b u t i o n  can provide a convenient  d e s c r i p t i o n  of 
mascons on e i t h e r  p l a n e t .  

A u s e f u l  m a s s  d i s t r i b u t i o n  for  many 

Furthermore, 

If t h e  non-homogeneous o b l a t e  sphe ro ida l  m a s s  d i s -  
t r i b u t i o n  i s  t o  have any u t i l i t y ,  an express ion  i s  r e q u i r e d  

Such an 
expres s ion  i s  provided i n  t h i s  paper.  S t a r t i n g  from t h e  known 
expansion i n  s p h e r i c a l  harmonics of t h e  p o t e n t i a l  of a 
homogeneous oblate spheroid [2], a formula i s  obta ined  for  
t h e  c o e f f i c i e n t s  i n  t h e  p o t e n t i a l  expansion f o r  a body con- 
s i s t i n g  of homogeneous o b l a t e  s p h e r o i d a l  she l l s  of d i f f e r e n t  
d e n s i t i e s  sourrounding a homogeneous oblate sphe ro ida l  core .  
The arrangement i s  such t h a t  a l l  t h e  oblate sphe ro ida l  
s u r f a c e s  involved have t h e  same e c c e n t r i c i t y  e,  t h e  same 
e q u a t o r i a l  p lane ,  and a common symmetry a x i s .  By i t s e l f ,  
such a l aye red  sphero id  i s  u s e f u l  i n  modeling p l a n e t a r y  
p o t e n t i a l s .  By a l i m i t i n g  process ,  t h i s  expansion i s  
conver ted  t o  a form v a l i d  f o r  an oblate sphero id  of 
e c c e n t r i c i t y  e whose dens i ty  i s  a cont inuous func t ion  of 
e q u a t o r i a l  r a d i u s  and i s  cons tan t  on oblate sphe ro ida l  
s u r f a c e s  of e c c e n t r i c i t y  e. I t  i s  shown t h a t  a l l  t h e  poten- 
t i a l  expansions presented  converge i n  t h e  r eg ion  r>ae,  where 
a i s  t h e  e q u a t o r i a l  r a d i u s  of any of t h e  f i g u r e s .  
t h e s e  series r e p r e s e n t  a p o t e n t i a l  only a t  p o i n t s  e x t e r n a l  
t o  t h e  body. 

fo r  i t s  e x t e r n a l  p o t e n t i a l  i n  i t s  symmetry frame. * 

However, 

* In  t h e  symmetry frame, t h e  x- and y- axes l i e  i n  the 
e q u a t o r i a l  p lane  and t h e  z-axis co inc ides  wi th  t h e  symmetry 
axis of t h e  spheroid.  
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Formulas are provided for the masses of the bodies 
discussed. However, since all the potential expansions are 
normalized with respect to mass, a mass assignment may be made 
in the potentials without the necessity of determining the 
implied scaling factor in the density function. 

An interesting mathematical observation is made 
connecting the expansion coefficients derived for the 
continuous-density, oblate spheroidal figure with the general 
formula available from potential theory. It is seen that the 
limiting procedure just described is equivalent to unlocking 
a difficult double integral. 

Because the shapes and mass distributions of the 
figures under consideration are plausible and mathematically 
simple candidates for mascons (or mass concentrations) which 
exist on the earth and moon, a formula is given which expresses 
the potentials of these figures when displaced from the origin. 
The displacement is allowed to be arbitrary, but the figure's 
symmetry axis is assumed to coincide with the radius vector 
to the figure's center. In a geographic coordinate system, 
for example, this formula may be used with one of the expansions 
just discussed to obtain, by superposition, the total potential 
of an oblate spheroidal earth with an oblate spheroidal mascon 
inside. 

The development, which is presented in a logical 
sequence of simple steps, begins in the next section. 

HOMOGENEOUS OBLATE SPHEROID 

MacMillan [2] presents the potential function valid 
at all points outside a homogeneous oblate spheroid and then 
writes the expansion of this function in spherical harmonics. 
The coordinate system in which the potential is written has 
its x-y plane in the equatorial plane of the spheroid and its 
z-axis coincident with the spheroid's symmetry axis. This 
expansion, in a form suitable for geodesy and selenodsy, is 
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where 

( k =  even) 

(h= odd). 

I n  t h e s e  equat ions  a and e are t h e  e q u a t o r i a l  r a d i u s  and eccen- 
t r i c i t y  of t h e  o b l a t e  spheroid,  and ( r , e , @ )  are t h e  s p h e r i c a l  
p o l a r  coord ina te s  of t h e  f i e l d  p o i n t  a t  which t h e  p o t e n t i a l  i s  
computed. Notice t h a t  because of t h e  symmetry of t h e  sphero id  
t h e  long i tude  I+ does no t  appear i n  t h e  p o t e n t i a l .  
Legendre 's  polynomial, G t h e  u n i v e r s a l  g r a v i t a t i o n a l  cons t an t ,  
and M t h e  s p h e r o i d ' s  mass, which i s  r e l a t e d  t o  t h e  d e n s i t y  p by 

P h  denotes  

= + n p + - e  2 '  a .  3 
MSpheroid ( 3 )  

The p o t e n t i a l  c o e f f i c i e n t s  (expansion c o e f f i c i e n t s )  
D h  depend only on t h e  e c c e n t r i c i t y  of t h e  oblate sphero id ,  i f  
it i s  agreed t o  p u t  t h e  f a c t o r  a h  i n  t h e  p o t e n t i a l  formula (1). 
Although t h i s  s e p a r a t i o n  i s  a r b i t r a r y ,  it i s  common p r a c t i c e  t o  
w r i t e  t h e  p o t e n t i a l  i n  terms of t h e  f a c t o r  ( a / r )  With one 
except ion ,  a l l  t h e  p o t e n t i a l s  w r i t t e n  i n  t h i s  paper  have t h e  
form (l), and t h e i r  expansion c o e f f i c i e n t s  are p ropor t iona l  t o  
( 2 ) .  The except ion  i s  t h e  mascon's p o t e n t i a l ,  which i s  n o t  
r e f e r r e d  t o  a frame of  symmetry. 

h 

Although t h e  func t ion  r ep resen ted  by (1) i s  v a l i d  only 
f o r  p o i n t s  o u t s i d e  a homogeneous o b l a t e  sphero id ,  (1) i t s e l f  i s  
convergent  f o r  p o i n t s  s a t i s f y i n g  r > a e ,  some of which l i e  i n s i d e  
t h e  spheroid.  Thus one m u s t  be  c a r e f u l  n o t  t o  apply (1) t o  
p o i n t s  i n s i d e  t h e  spheroid nor  t o  p o i n t s  o u t s i d e  t h e  sphero id  
for  which r < a e .  This  i s  to  say t h a t  (1) converges t o  t h e  
p o t e n t i a l  of a homogeneous o b l a t e  sphero id  a t  a l l  p o i n t s  out-  
s i d e  t h e  sphero id  f o r  which r>ae.  
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HOMOGENEOUS OBLATE SPHEROIDAL SHELL 

s h e l l  
under 

T h e  p o t e n t i a l  of a homogeneous o b l a t e  sphe ro ida l  
i s  t h e  key t o  t h e  development i n  t h i s  paper.  The f i g u r e  
cons ide ra t ion  i s  i l l u s t r a t e d  i n  F igu re  1. T h e  s h e l l  i s  

a homogeneous mass d i s t r i b u t i o n  of d e n s i t y  p1 bounded on t h e  
o u t s i d e  by an oblate sphe ro ida l  s u r f a c e  of e q u a t o r i a l  r a d i u s  
al and e c c e n t r i c i t y  e and bounded on t h e  i n s i d e  by an o b l a t e  
sphe ro ida l  s u r f a c e  of e q u a t o r i a l  r a d i u s  a and t h e  same 
e c c e n t r i c i t y  e. The su r face  and t h e  coord ina te  system posses s  
t h e  symmetries i l l u s t r a t e d .  

2 

For t h e  purposes of p o t e n t i a l  theory ,  t h i s  s h e l l  may 
be imagined t o  be a supe rpos i t i on  of t w o  homogeneous ob la te  
sphero ids ,  t h e  larger of p o s i t i v e  m a s s  and t h e  sma l l e r  of 
nega t ive  m a s s ,  and both of the  same dens i ty .  Thus t h e  m a s s  of 
t h e  s h e l l  i l l u s t r a t e d  may be found from 

- - 
Mal + Ma 2 M S h e l l  

where ( 3  has been used. L i k e w i s e ,  t h e  p o t e n t i a l  of t h e  s h e l l  
may be found by summing 

and 
G "  

(53 

where (1) has been used. 
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Remembering t h a t  Ma 
be shown t o  be 2 

i s  negat ive ,  t h e  r e s u l t i n g  p o t e n t i a l  may 

h 
m S h e l l  (2) P h ( c o s e ) ,  

1 C h  
GMShell ( r , e , $ )  = 

h= 0 'Shell 

where 
h+3 

2 - a  

2 

h+ 3 
S h e l l  D h  al 
=h 3 3 a a - a  C h  

1 1  

( 7 )  

= al-t,  2 I n  t h e  l i m i t  of a very t h i n  she l l ,  f o r  which a 
where t i s  very s m a l l ,  then 

lal -f 4Trp MShel l  

and 

I t  may be observed t h a t  t h e  c o e f f i c i e n t s  f o r  t h e  t h i n  s h e l l  
are l a r g e r  by a f a c t o r  (1 + h / 3 )  than  t h o s e  of a homogeneous 
o b l a t e  spheroid.  I f  t h e  two f i g u r e s  have t h e  same s i z e  and 
m a s s ,  which r e q u i r e s  a much g r e a t e r  d e n s i t y  i n  t h e  s h e l l ,  then 
t h e  s h e l l ' s  p o t e n t i a l  i s  correspondingly l a r g e r  everywhere, 
s i n c e  t h e  m a s s  i s  a l l  a t  the  su r face .  

SPHEROID BOUNDED BY SPHEROIDAL SHELL 

Suppose t h a t  i n  t h e  previous s e c t i o n  t h e  c a v i t y  w i t h i n  
t h e  s h e l l  i s  f i l l e d  wi th  a homogeneous d i s t r i b u t i o n  of m a s s  a t  

The body obtained i s  i l l u s t r a t e d  i n  F igure  2. A s  d e n s i t y  p 

b e f o r e ,  a l l  s u r f a c e s  involved have t h e  same e c c e n t r i c i t y  e. 
2 '  

The p o t e n t i a l  of t h i s  composite body may be obta ined  
by superposing t h e  con t r ibu t ions  of t h e  s h e l l  and t h e  i n t e r n a l  
sphero id .  Refer r ing  t o  formulas ( 7 )  and (l), t h i s  means adding 
t h e  t w o  p o t e n t i a l s  
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and 

GMSpheroid W h h 
- - 

'Spheroid r 
k= 0 

The second formula has been arranged to display the equatorial 
radius of the outermost surface. 
utilizing (31, ( 4 )  and ( 8 )  gives the result 

Performing the addition and 

where 

The superscripts in these equations are intended to indicate 
that a nesting of two different homogeneous bodies is involved. 
The total mass of the body is 

Notice that these formulas reduce to those just presented for 
the case of a hollow homogeneous shell when p 2  = 0, and that 

they reduce to the homogeneous spheroid formulas when p - 2 - pl' 

S P H E R O I D  BOUNDED BY (n-1) SPHEROIDAL S H E L L S  

The generalization of the formulas of the last section 
to the case of (n-1) homogeneous oblate spheroidal shells sur- 
rounding a homogeneous oblate spheroid is straightforward. 
There are n bodies, n densities, and n surfaces involved in this 
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composite f i g u r e .  The su r faces  are a l l  oblate sphe ro ids  of t h e  
same e c c e n t r i c i t y  e, and they share a common e q u a t o r i a l  p l ane  
and a common symmetry a x i s .  Working from the  o u t s i d e  i n ,  t h e  
bodies  are s e r i a l l y  ass igned i n t e g e r  names, beginning w i t h  "1" and 
ending w i t h  "n". Thus  the  o u t e r  s h e l l  has  d e n s i t y  p1 and t h e  

i n n e r  sphero id  has d e n s i t y  p 

l i kewise ,  so t h e  o u t e r  su r f ace  has e q u a t o r i a l  r a d i u s  al and the 

i n n e r  s u r f a c e  a . By cons t ruc t ion  w e  have 

T h e  s u r f a c e s  are numbered n' 

n 

f o r  a l l  i i n  t h e  i n t e r v a l  (1, n-1) .  

With these conventions i n  hand, t h e  g e n e r a l i z a t i o n  of 
t h e  perv ious  formulas i s  

where 

Dh 
-h a 1 

The m a s s  of t h e  body i s  

(15) 

SPHEROID W I T H  D E N S I T Y  A S  CONTINUOUS FUNCTION O F  EQUATORIAL R A D I U S  

I n  t h i s  s e c t i o n  the  s p h e r i c a l  harmonic expansion of 
t h e  p o t e n t i a l  of an oblate sphero id  of cont inuously vary ing  
d e n s i t y  i s  obtained.  
p rev ious  formulas as n tends t o  i n f i n i t y  and a s  t h e  e q u a t o r i a l  
r a d i u s  of t h e  i n n e r  spheroid tends  t o  zero. 
p rev ious  c o n s t r u c t i o n ,  t h e  series obta ined  w i l l  be v a l i d  f o r  a 
d e n s i t y  func t ion  which v a r i e s  w i t h  e q u a t o r i a l  r a d i u s  w i t h i n  t h e  
oblate sphero id  and i s  cons t an t  on s u r f a c e s  whose e c c e n t r i c i t i e s  
are t h e  same as t h a t  of the s u r f a c e  of t h e  given spheroid.  

T h e  method i s  t o  t a k e  t h e  l i m i t  of t h e  

By v i r t u e  of t h e  
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L e t  t h e  given o b l a t e  sphero id  have e q u a t o r i a l  r a d i u s  
a ,  so t h a t  al = a ,  and l e t  i t s  s u r f a c e  have e c c e n t r i c i t y  e. 
S e t t i n g  a = 0 ,  l e t  n- i n  (14), (15) and ( 1 6 ) .  Dropping 
s u p e r s c r i p t s ,  t h e  r e s u l t  i s  

n 

i n  which t h e  i n t e g r a t i o n  v a r i a b l e  x i s  t h e  e q u a t o r i a l  r a d i u s  
w i t h i n  t h e  o b l a t e  spheroid.  The s p h e r o i d ' s  t o t a l  mass i s  

Equation (18)  may be checked by s e t t i n g  p = cons tan t ,  s imu la t ing  
a homogeneous o b l a t e  spheroid.  
i n  t h i s  case, as expected. 

I t  may be v e r i f i e d  t h a t  C h  = D h  

A very important  p o i n t  may be observed by comparing 
(18)  and ( 1 9 ) .  I t  i s  t h a t  t h e  expansion c o e f f i c i e n t s  C h  are 
au tomat i ca l ly  normalized with r e s p e c t  t o  m a s s .  The s i g n i f i c a n c e  
of  t h i s  i s  t h a t  when wr i t i ng  t h e  p o t e n t i a l  ( 1 7 )  a number may 
be i n s e r t e d  f o r  M without  t he  need f o r  s c a l i n g  the-ty 
f u n c t i o n  t o  make ( 1 9 )  y i e l d  t h a t  number. I n  e f f e c t ,  (18)  
accounts  f o r  t h e  sca l ing  au tomat ica l ly .  
t o  a l l  t h e  p o t e n t i a l s  and expansion c o e f f i c i e n t s  w r i t e n  i n  
t h i s  paper.  

These remarks apply 

CONVERGENCE 

None of t h e  i n f i n i t e  series presented  thus  f a r  i s  
usuable  if t h e  convergence of t h e  series i s  n o t  known. The 
q u e s t i o n  of convergence of t h e s e  series i s  s imple t o  answer, 
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provided it i s  r e a l i z e d  t h a t  the p o t e n t i a l  of each c o n f i g u r a t i o n  
cons idered  i s  the  sum of p o t e n t i a l s  of homogeneous o b l a t e  sphe- 
r o i d s  (approximately h a l f  of which have n e g a t i v e  mass) .  Hence, 
f o r  any of t h e  given series t o  converge, it i s  only  necessary 

. t h a t  each of t h e  c o n s t i t u e n t  series converges. I t  fo l lows  from 
remarks i n  the s e c t i o n  on the  homogeneous o b l a t e  sphero id  t h a t  
t h e  c o n d i t i o n  r>ae i s  s u f f i c i e n t  f o r  t h e  convergence of each 
c o n s t i t u e n t  series, and t h e r e f o r e  f o r  t h e  g iven  series as w e l l .  

A second important  q u e s t i o n  i s  t h a t  of r e p r e s e n t a t i o n :  
under what cond i t ions  does one of t h e  convergent  series repre-  
s e n t  t h e  a c t u a l  p o t e n t i a l  of a body. 
s e c t i o n  about  t h e  homogeneous o b l a t e  sphero id  and employing 
an argument s i m i l a r  t o  t h e  one j u s t  used, it is  concluded t h a t  
when a series converges ( r > a e )  it r e p r e s e n t s  t h e  p o t e n t i a l  on ly  
a t  p o i n t s  l y i n g  o u t s i d e  we body. 

Re fe r r ing  aga in  t o  t h e  

S I G N I F I C A N C E  OF THE DEVELOPMENT 

I t  can be shown [ 3 ]  t h a t  t h e  g e n e r a l  s p h e r i c a l  
harmonic expansion of t h e  p o t e n t i a l  of an a x i a l l y  symmetric 
body i s  

where 

I n  t h i s  formula,  which i s  w r i t t e n  i n  a frame whose z-axis  
c o i n c i d e s  w i t h  t h e  body's symmetry a x i s ,  ( r , e , @ )  a r e  t h e  s p h e r i c a l  
p o l a r  coord ina te s  of t h e  f i e l d  p o i n t ,  ( & , a )  are t h e  r a d i u s  t o  
and c o l a t i t u d e  of a symmetric d i f f e r e n t i a l  r i n g  of mass, p ( 6 , a )  
i s  t h e  d e n s i t y  f u n c t i o n ,  a i s  a s i z e  parameter t o  be s p e c i f i e d ,  
and M i s  t h e  t o t a l  m a s s .  F igure  3 i l l u s t r a t e s  t h e  geometry f o r  t h e  
case of an o b l a t e  spheroid of e c c e n t r i c i t y  e, w i t h  t h e  f u r t h e r  
s p e c i a l i z a t i o n  t h a t  t h e  x-y p lane  co inc ides  wi th  t h e  e q u a t o r i a l  
p lane .  The l e n g t h  parameter a i s  now taken  a s  t h e  e q u a t o r i a l  
r a d i u s .  Suppose it i s  d e s i r e d  t o  s p e c i f y  t h a t  t h e  d e n s i t y  



I 

BELLCOMM. INC. - 10 - 

p ( 5 , a )  be c o n s t a n t  on oblate s p h e r o i d a l  shells of  e c c e n t r i c i t y  e 
and depend on e q u a t o r i a l  r a d i u s  only.  Formula ( 2 1 )  i s  t h e  
g e n e r a l  r u l e  f o r  computing the  p o t e n t i a l  c o e f f i c i e n t s  for  t h i s  
problem, y e t  it i s  n o t  obivious how t o  perform t h e  r e q u i r e d  
computation. 

T h e  s i g n i f i c a n c e  of t h e  development j u s t  completed i s  
t h a t  it s i d e s t e p s  t h i s  problem and a r r i v e s  a t  t h e  c o e f f i c i e n t s  
by a d i f f e r e n t  rou te .  Equating (18) and (211, and us ing  (19), 
t h e  d i f f i c u l t  double i n t e g r a l  i n  (21 )  can be s p e c i a l i z e d  t o  

body 

= 2 (1 + 3) Dh q p c  x2 p (x )  dx, 
0 

i n  which p ( < , a )  and p (x )  r e p r e s e n t  t h e  same d e n s i t y  func t ion .  
I t  i s  i n t e r e s t i n g  t o  observe i n  ( 2 2 )  t h a t  t h e  c o e f f i c i e n t s  
f o r  a t h i n  s h e l l ,  (1 + k/3)Db,  show up m u l t i p l i e d  by a factor  

which accounts  fo r  t h e  d e n s i t y  v a r i a t i o n  from s h e l l  t o  s h e l l .  

NON-HOMOGENEOUS OBLATE SPHEROIDAL MASCON 

The ob la t eness  of t h e  mass d i s t r i b u t i o n s  t h a t  have 
been d i scussed  sugges ts  a p l a u s i b l e  shape f o r ' a  mascon envi- 
s ioned  as l y i n g  i n s i d e  a p l a n e t  w i t h  t he  masgon's symmetry 
a x i s  a l igned  w i t h  t h e  p lane tographic  v e c t o r  R l o c a t i n g  i t s  
c e n t e r .  T h i s  conf igura t ion  i s  shown i n  F igure  4,-in which 
(R,eM,+,) are t h e  s p h e r i c a l  p o l a r  coord ina tes  of R. The 

s p h e r i c a l  harmonic expansion of t h e  p o t e n t i a l  of an o b l a t e  
spheroid w i t h  t h i s  l oca t ion  and o r i e n t a t i o n  i s  de r ived  i n  
1 4 1 .  I t  i s  
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where 
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i n  which a i s  t h e  mascon's e q u a t o r i a l  r a d i u s ,  M i t s  m a s s ,  
( r , 0 , + )  t h e  f i e l d  p o i n t  i n  p lane tographic  coord ina te s ,  and 
Phm (cos8 ) t h e  unnormalized a s soc ia t ed  Legrendre polynomial 
as de f ined  i n  [ 3 ] ,  [ 4 ] ,  [ 5 ] ,  o r  [ 6 ] .  T h e  c o e f f i c i e n t s  C L  

depend on t h e  mascon's e q u a t o r i a l  r a d i u s ,  e c c e n t r i c i t y ,  and 
d e n s i t y  func t ion .  I f  the  mascon's d e n s i t y  i s  assumed t o  be any 
of t h e  l aye red  f u n c t i o n s  d iscussed  h e r e i n ,  t h e  corresponding 

L' expansion c o e f f i c i e n t s  may be used for  C 

g e n e r a l  formula ( 2 1 )  must be used f o r  C L . )  

t h e  series ( 2 3 )  converges t o  t h e  p o t e n t i a l  func t ion  of t h e  mascon 
a t  a l l  p o i n t s  which are ou t s ide  t h e  mascon and o u t s i d e  a sphere  
of r a d i u s  ae cen te red  a t  t h e  mascon's c e n t e r .  I n  a d d i t i o n ,  t h e  
convergence of (23) d i c t a t e s  t h e  g e n e r a l  requirement r > a ,  which 
i s  mentioned i n  141 

( O t h e r w i s e ,  t h e  

F o r  these d e n s i t i e s ,  

Using supe rpos i t i on ,  the mascon p o t e n t i a l  (23) may be 
added t o  a func t ion  (one of those j u s t  p resented ,  f o r  example) 
r e p r e s e n t i n g  t h e  g r o s s  p o t e n t i a l  of a p l a n e t  t o  o b t a i n  the  
p o t e n t i a l  of a I'lumpy" p lane t .  T h i s  may be r epea ted  u n t i l  a 
p h y s i c a l l y  p l a u s i b l e  mass d i s t r i b u t i o n  has been obta ined  f o r  t h e  
p l a n e t .  By comparison w i t h  t h e  known p o t e n t i a l ,  t h e  r e s u l t i n g  
p o t e n t i a l  expansion may be used t o  determine t h e  v a l i d i t y  of 
t he  assumed m a s s  d i s t r i b u t i o n  o r  t o  a d j u s t  va r ious  assumed 
parameters  appearing i n  it. I f  it i s  d e s i r e d  t o  a d j u s t  para- 
meters, t h e  va r ious  masses should be taken as a parameter set 
f i r s t ,  s i n c e  t h e  masses appear l i n e a r l y  i n  t h e  composite 
p o t e n t i a l .  
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FIGURE 1 - HOMOGENEOUS OBLATE SPHEROIDAL SHELL. 

FIGURE 2 - HOMOGENEOUS OBLATE SPHEROID PLUS HOMOGENEOUS OBLATE 
SPHEROIDAL SHELL. 
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FIGURE 3 - NON-HOMOGENEOUS OBLATE SPHEROID SHOWING SYMMETRIC 
DIFFERENTIAL RING. 
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FIGURE 4 - NON-HOMOGENEOUS OBLATE SPHEROIDAL MASCON AT (R, e,,,,, @,,,,I 
IN  PLANETOGRAPHIC FRAME. NOTE MASCON'S AXIAL SYMMETRY 
WITH RESPECT TO I% 


